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1 Differential equations
rOrdinary Differential Equation (ODE)

In general an ordinary differential equation (ODE) relates a
function f(x) at = to the values of its derivatives at x. L.e. it’s
an equation of the Form

F(z, f(a:), f/(fc)v f//(a:)v 590 f(n) (f)) =0

The order of the diff. equation is the highest order of derivative
that appears in the equation.

A partial diff. equation is a diff. equation for a function of
several variables. (It involves ”partial derivatives”).

s

f'(x +2) = f(z) is not an ordinary differential equation.

[ Linear ODE

A linear ODE of order k on I, is an equation of the form
y® +ap 1@y + o+ a1 @)y’ + ao(2)y = b(x)

where b, a1, ...,ax_1 are continous functions of x defined on I
with values in C.

If b(x) = 0,Vx € I, we call the ODE homogeneous and
otherwise inhomogeneous.

L
Recognising a linear ODE

e no coefficients before the highest order derivative (excluding
constants)

o alle coefficients are continous functions
e no products of y and it’s derivatives
e y and all of it’s derivatives occur with the power one

e Neither y nor it’s derivatives are inside another function.

[ Solutions of Linear ODE’s
Let I C R open interval, k > 1,k € N.
y(k) + ak,ly(kfl) +...4+apy=>
is a linear ODE over I with continous coefficients.

Then

1. The set of solutions Sp for the associated homoge-
neous ODE (when b = 0), is a vector space of dimen-
sion k.

2. For any initial conditions (i.e. any choice of z¢ € I and
(Y0, -, Yp—1) € CF) there exists an unique solution
f € So st f(xo) = yo, f'(x0) = y1, ..., FF V(o) =
Ye—1-

3. For any arbitrary b(z), the set of solutions of the ODE
is

Sp={f+fp|f€So}
where fp is a paritcular solution of the ODE.

4. For any initial condition there is a unique condition
there is a unique solution f € Sj.

Sp is not a Vector Space! (It’s an affine Space.)

Q
1.1 Linear ODE’s of order 1

I C R be an open interval.
We consider the diff. equation of the form
y' +a(z)y = b(z)
1. (Homogeneous solution)

vy +a(z)y=0

/
LA —a(z) (assuming y # 0,Vz € I)
y

() = —A(z) + C
y=e%.e A = g4 K eC

If an initial condition is given, we can determine K.
2. (Particular solution)
Use either “Variation of parameters” or “Educated guess”.

1.2 Variation of parameters

We assume that the particular solution is of the form f, = K (x)e4(®)
for a function K : I — C. Then we can insert our guess into the
ODE and see what it forces K to satisfy. We get

b(z) = (K(I)E*A(z))/ + a(z)(K($)€7A(I))

b(z) = K'(z)e"*®) — a(a)K (z)e™ ) + a(2) K (x)e~ )
b(z) = K'(z)eA®)
K'(z) = b(z)eA®)
and thus

K(z) = /I b(t)eA® dt

il

Therefore we get

fp = ( / b(1)eA dt) AWM
z0

The method with the “Integration factor” gives the same particular
solution!

1.3 Educated Guess for constant coefficients

If b(z) is of a specific form, we try following fp, where we insert
the fp into the ODE, which gives us a system of equations for the
constants:

b(z) Ansatz
a-e*” b- et
asin(fz) csin(Bz) + d cos(Bx)

b cos(Bz)

ae*® sin(Bx)

csin(Bz) + d cos(Bx)
eX* (c sin(Bz) + dcos(Bz))

be™* cos(Bx) exr (c sin(Bz) + dcos(ﬁz))

P, (z) - e** Rp(x) - e*®
P, (z) - e*®sin(fx)  e*® (Rp(x)sin(Bz) + Sn(z) cos(Bz))
P, (z) - e*® cos(Bz)  e*® (Rn(z)sin(Bz) + Sn(x) cos(Bx))

P,, R, and S,, are Polynomials of degree n.

1. If b(x) is a linear combination of any of the base functions,
try that linear combination of ’Ansatz’ functions.

2. If a/pB from any of the ’Ansatz’ functions is a root of the
companion Polynomial of the ODE with multiplicity j, then
we try the same ’Ansatz’ as shown in the table but multiply
it with a Polynomial of degree j.

1.4 Linear ODE’s with constant coefficients
We consider an ODE of the form

y® +ap_ 1y Y 4+ a1y + aoy = b(2)

We search for a homogeneous solution of the form e**. Now we can
solve the characteristic polynomial:

P(\) = &M (,\’“ Tap Nt ao) -0
= 0=MNtap_1 A1+, . . +ao

e The roots of P()\) are the Eigenvalues \;, with corresponding
multiplicity m,.. Thus the functions f; , : * — zTeriT () <
r < m, span the Vector Space Sp.

o If A = B+ vi is a complex of P(\), then the complex con-
jugation, i.e. X = 8 — ~i is also a root. Thus f; = e*® and
f2 = € are solutions to the homogeneous equation.

e We realize that fi = e* = ef%(cos(yx) 4 isin(yz)) and
fo2 = e = B (cos(yx) — isin(yx)).



e We can thus replace f1 and f2 by fi = ef* cos(yz) and
fo = P sin(yz). (Note that f1 = fi+if2 and fo = f1 —if2)

e Note that we are often only interested in finding real-valued
solutions if the coefficients are all real valued.

o If y) 4 ap_1yP=D 4 ... 4 aoy = 0 only has real coeffi-
cients, every pair of complex conjugated roots §; & ;i with
multiplicity m; leads to a solution

lefi® (cos('yj:r) + isin('yﬂ:)) for 0 <1 < my

of which then the real part can be extracted.

To find a particular solution f, we can as in the general case use
Varation of parameters or Educated guess. We will now show
an simple example with 2 basis functions:

Consider the Linear ODE y" + ya1y’ + aoy = b

(1) Assume the space of homogeneous solutions Sy is spanned
by f1, f2, i.e. fo = f1 + f2 is also a solution

(2) Now we try fp = z1(2)f1 + 22(2) f2

(3) We first insert fp into the ODE and we require the additio-

nal constraint that z{ (z)f1 + 25(z)f2 = 0 to find a concrete
solution.

Therefore we get the following system of equations:

21 () f1 + z5(x) fo = 0
21 (2) f1 + z3(2) 3 = b()

We can solve this as follows:

W =fifs— faft #0
/ _be / flb

(e ()

1.5 Seperation of Variables

Consider a differential equation of the form
y' (@) = b(x)g(y)

Assume g(y(x)) # 0. If 3yo st. glyo(z)) =
solution.

= fp

0 then y = yp is a

y’(:v)
g(y(=

/ y (m / bz
9(y(z
Applying substitution with v = y(x) we obtain

/—duf/b(z

We can then determine both integrals and solve for u = y.

= b(z)

2 Derivations in R"

Monomial in R™

A Monomial of degree e is a function f: R"™ — R :

(@900 0 o Bp) >—>awd1 o aldn

e=di+...+dp

— i.e. a Polynomial that only has one term.

Polynomial in R"

A Polynomial with n variables of degree d is a finite sum of
Monomials of degree e < d.

2.1 Convergence
1. Dot product: (z,y) = > ,_o i - ¥
2. Euclidean norm: ||z|| := y/zd + -+ + 22 with the following
properties:

(8) llall = 0, llafl =0 <= = =0
(B) [IAz[| = Al - [[][, VA € R
(©) llz+yll <zl + Iyl
(@) [y [ <zl - [yl

( Definition Convergence

Let (xk)rken,zx € R™ The following definitions for
limg_, oo x = y equivalent:
1. Ve > 03N > 1 such that Vk > N ||z — || < e.

2. For every i,1 < i < n the sequence (zf ;) of real
numbers converges to y;.

3. The sequence ||zx — y|| of real numbers converges to 0.
S

2.2 Continuity
[ Definition Continuity

Let f: X CR® - R™ and 29 € X.
f is continous in zg, if one of the following conditions is ful-
filled:

1. Ve > 0 36 > 0 such that for all z € X
[z — 2ol <6 = ||f(z) — flzo)|| <

2. V sequences (z) in X with limg_, o T = xo we have

&
f is continous on X <=> f is continous at every point zg € X.
In Addition we have the following:
1. Cartesian product of continous functions is continous.
2

2. f:R® —»R™
(:El,""zn) g (fl(fﬂ),,fm(fﬂ))

is continous <= f; : R® — R continous Vi =1,...,m.
3. Linear Maps x — Az are continous.

4. Finite sums and products of continous functions are conti-
nous.

5. Functions with seperated Variables are continous if each fac-

tor is continous. (i.e. f(z1,....,zn) = fi(z1)f2(z2) ...: fn(zn)
is continous if f1, fa, ..., fn are continous.)

6. In particular Polynomials are continous.
7. The composition of continous functions is continous.

8. If f : RZ — R is continous. For an arbitrary fixed yg € R we
can define gy, (x) := f(z,y0). Since gy, is a composition of
continous functions it is also continous.

9. Warning! The converse is not true. gy, continous for all yo €
R does not imply that f is continous!

Sandwich-Lemma

If f,g,h : R™ — R are functions with f(z) < g(z) < h(z)
Vo € R™. Let a € R™:

lim f(z) = lim h(z) = L = lim g(z) = L

2.3 Properties of sets
A set X CR™ is
e bounded, if the set {||z|| | z € X} is bounded in R(i.e.
3K >0,vz € X : ||z|| < K).
e closed, if every sequence (zj)reny C X, that converges to
some Vector y € R™, we have y € X (i.e. limits of sequences
in X are also in X).
e compact, if its closed and bounded.
e open if, for any = (v1,%2,...,2n) € X, there exists § > 0
such that the set
{y = (y17 7y7l) €
is contained in X.
e convex, if Vo,y € X : Az 4+ (1 — Ny € X,V0 < A < 1 (the
line segment between z,y is contained in X).

R™ | |z; —y;] < 6,V1 <i<n}

e open, if and only if the complement Y = R™ \ X is closed.

(Equivalent definition)
Important examples:

e (a,b) C R is open.

® [a,b) C R is neither open nor closed.

e R"™ and () are both open and closed. There exists no other set
in R™ which is both open and closed.

e If X CR", Y CR™ are both bounded (rsp. closed/compact)
then X x Y C R*"*™ is bounded (rsp. closed/compact)

e In particular the cartesian product of compact intervals I; €
R: 14 x Io X ... x I, = {(a:l,xg,...,xn) € R" ‘ x; € Ii} is
compact (i.e. closed and bounded).



e Let f: R™ — R™ be continous. Then for every closed(/open)
set Y C R™, the set f~1(Y) is closed(/open).

Bolzano-Weierstrass

Every bounded sequence in R™ has a converging partial se-
quence.

Min-Max-Theorem

Let X C R™, X # () be compact and f : X — R a continous
function. Then f is bounded and achieves a max and a min.
Le. 3zt 2~ € X, such that

flzt) = sup f(z) f(z7)= inf f(x)
zeX

zeX

2.4 Partial Derivatives
( Partial Derivative

To find the partial derivative of f : XCR®” - R (whereby
X open) with respect to z;,1 < j < n at a point g € X we
define:

OF (10) = lim LZ0+P-5) = F(@o)

873' h—0 h

9 f(xo) =

where e; is the j-th canonical basis vector of R™.
L
For f:R™ — R™,zg € R"™ we have

%fl(wo)

df(xo)

Ox;

%ﬂn(fvo)
Partial derivatives have following properties:
L 9;i(f +9) = 9;(f) + 959
2. 9i(f-9)=09;(f)-9+0(9)- f
3. 0;(f/9) = 7a'j(f>'gg;8j(g)‘f for g #0
[ Jacobi-Matrix

Let f : X C R™ — R™ and X an open set. The Jacobi-Matrix
is the m x n Matrix:

_ ([ 0fi
Jr= (8mj)1§jgn

1<i<m

rGradient

In the special case of a function f : X C R — R, the Jacobi-
Matrix is a row vector which transposed gives us Vf. The
geometric interpretation is a vectorfield, defined by V f, which
indicates the direction and magnitude of the biggest growth

of f.
Q
2.5 Differentiability

[ Differentiability

Let X C R™ be open, o € X. We have f : X — R™.
We say that f is differentiable at xg, with the differential
u, if there exists a linear map v : R® — R™ such that

i L@ = F@0) = (@ 0)

s lz = o]l

We denote u = df (o) = dg, f-

=0

.

o If f is differentiable at all points z¢ € X, then f is differen-
tiable on X.

e Having all partial derivatives defined is not sufficient to con-
clude Differentiability.

e If all partial derivatives are defined and continous, then f is
differentiable.

e The composition of differentiable functions is differentiable.

[ Conclusions from Differentiability

If £, g are differentiable in zg € X we have:
1. f is continous in zg

2. f has all partial derivatives at zg and the matrix of the
linear map df (zo) : * — Az is given by the Jacobi-
Matrix of f at xo, i.e. A= Jy(zo0)

3. d(f + 9)(@o) = df (o) + dg(zo)

4. If m = 1, then f - g is differentiable. If additionally
g # 0, then f/g is also differentiable. (Product rule
and Quotient rule apply)

5. (Chain rule): Let X C R™, Y C R™ be open.

If f: X - Y,g:Y — RP are both differentiable, we
have d(g o f)(z0) = dg(f(z0)) o df (z0). Furthermore

Jgor(x0) = Jg(f(20)) - J¢(z0)
Therefore

d(go f)(z0) : X = RP x> Jg(f(w0)) - J(x0) -z

Tangent Space

The tangent space at zg of f is given by the graph of the
affine linear map g(z) = f(zo) + df (zo0)(z — z0).
Le.

{(z, 9(z)) € R" x R™ | g(2) = f(z0) + df (x0)(z — z0)}

Directional Derivative

Let f: X C R™ — R™ be differentiable at g € X. For any
v € R™, v # 0 the directional Derivative of f at zo exists
and is defined as

- f(zo + hv) = f(xo)

Oy f(z0) = Jim h = Jg(z0) v

(Change of variables (Bijection)

Let X C R™ be open and f : X — R™ differentiable. f is a
change of variable around zg € X if there exists a radius
r > 0 such that the Ball

By (z0) :={z € R" | ||z — x| < 7}

has the property that the Image Y = f(Br(z0)) is open and
there exists a differentiable map g : Y — Br(x0) such that
fog=gof=id.

We find that if det(J¢(zo0)) # 0 (i.e. J¢(xo) is invertible), then
f is a change of variables around xg. Moreover the Jacobian
of the inverse map g is determined by

Jg(f(wo)) = Jf(xo) ™"

(Analog to the fact that a function h : I C R — R is bijective
from I to its image if A’ > 0 or A/ < 0)

N

2.6 Higher derivatives
Notation for higher partial derivatives
For a function f : R™ — R? we denote higher order partial derivati-
ves with the following:
First let m = (m1,ma,...,my) and |m| =mi + ma + ... + mn.
We write

olml f;

my mo My,
Ox{"' 0xy? - ... - Oxp,

—olmlp 1<j<t

Differential Classes
Let X C R™ be open, f: X — R™.

e We say that f is differentiable of class CUif f is differentiable
on X and all its partial derivatives are continous. The set of
all C! functions from X to R™ are denoted by C1(X : R™).

e Let k>2 Wesay fc CF(X : R™) (i.e. f is of class Ck)Y if
its differentiable and each Oz, f : X — R™ (1 < ¢ < n) is of
class Ck—1,

e We say that f is smooth or of class C™ if f € C*, Vk € N.



e All polynomials, trigonometric and exponential functions are
of class C'*°.

e If f € Ck,k > 2 then all partial derivatives of order < k are
commutative.
92 f B 02 f

dx; dx; Oz O,
[ Hessian
Let X C R™ be open and f : X — R a C? function.

For an zg € X, the Hessian matrix of f at xg is the sym-
metric n X n matrix that denotes the second derivative:

0% f(x
i 1<i,j<n

Sometimes we also denote it by V2f(zq) or H(zo).

L

2.7 Taylor polynomials

Let £k < 1 and f : X — R be a funciton of class C* on X, and
fix £p € X. The k-th Taylor polynomial of f at the point z is the
polynomial in n variables of degree < k given by

Ty f(y;zo) = f(x0) + D 0if(z0) - i+
i=1
A" f(x0) mi . mn

1
Z ... 192™1 ...9gmn 71 n
st o=k ! O oxy,

Using our new notation for higher-order derivatives we can denote
the Taylor polynomial by

1
Te(yizo) = > — 0, f(zo) -y
Iml<k
with m! = mq!ms! - ... - my!

Examples

T1f(Z20) := flxo) + (Vf(zo)T - 7
T f(Zyzo0) :=T1f + % A Hess ¢ (xo0) -

2.8 Extrema
Local Extrema

Let f: X C R™ = R be differentiable and X open.
Then zo € X is a local Maximum (Minimum) if there exists an
r > 0,7 € R and By, (r) = {z € R" | ||z — zo|| < r} C X such that:

Va € Bz (r) : f(z) < (2)f(20)
If zo € X is a local extrema, we additionally have V f(z¢) = 0.
Critical point
A point xg € X with Vf(z0) = 0 is a critical point.
Critical points are candidates for local extrema.

If additionally det(Hesss(xo0)) # 0, then zp is a non-degenerate
critical point.

Saddle point
If a critical point is neither a maximum nor a minimum, we call it
a saddle point.
Global Extrema
Let f: K — R and K compact, then a global extrema of f exists
and is either at a point z¢ in the interior of K or on the boundary of
K. To determine such an global extrema we split K into it’s interior
X and the boundary B. .
First we determine the critical points of X. To determine the Maxi-
mas/Minimas B, we will need Knowledge from Analysis I (redefine
the boundary as a union of sets dependend on 1 variable, i.e. Line-
segments).
Testing critical points
Let f : X C R® — R, X open and f € C?. Let zg be a non-
degenerate critical point of f. Then we:

1. Hessy¢(xo) pos. def. = xq is a local Minimum.

2. Hesss(zo) neg. def. = ¢ is a local Maximum.

3. Hessf(zo) indefinite = ¢ is a saddle point.
If zo is a degenerate critical point, we can’t conclude anything
in general. In such a case we would have to verify the signs in the
neighborhood of zp. (Not much information found on how to do
that in multi-variable calculus)
Critical points with constraints
If we want to determine the Minimas/Maximas of a function f :
X +— R with the constraint g(z) = 0,9 : X — R, we can use the
Lagrange multipliers.

Lagrange multipliers

Let X C R™ be open and f, g : X + R functions of C1. If xq
is a local extremum of f restricted to the set

Y = {z e X | g(z) =0}
then either Vg(zo) = 0, or there exists A € R such that
Vf(wo) = A- Vg(zo)
and g(zo) = 0.

2.9 Definite
A symmetric (non-singular) matrix A, detA # 0 is
e positive definite <= all Eigenvalues are positive <=
all principal minors of A are positive
e negativ definite <= all E.V. are negative «<— —Ais
positive definite.
e indefinite if it has positive and negative Eigenvalues.

Eigenvalues can be found with the characterstic polynomial:

a b A0 a—A b
(a6 X)) (a0
Sad—(a+dA+X2—bc=0
For non-symmetric Matrices we have to test for all Vectors v, if

vT Av > 0 (rsp. < 0).
4

3D Determinant

a-det(Z {)—b-det(j {)—l—c-det(j Z)

Principal Minor

The k-th leading principal minor of A is given by
Mk = det ((A)lrk,lzk)

3 Integrals in R”

3.1 Simple Integrals
For f: R — R™ we define the integral of f as

, J2 f(tyde
/a Fl)dt = :
AGLY
3.2 Line Integrals (Path Integrals)

(A parameterized curve

A parameterized curve in R™ is a continous map = : [a, b] —
R™ that is piecewise in C1, i.e. 3k > 1,k € N and a partition
a=tg <ti1 <..<tg=>b,such that

Yit;_q.t ECHVI< i<k

A parameterized curve does not have to be injective.

L

Useful trick:

In general if v : [a, b] — R™ (¢t — ~(t)) is a curve, then « : [a,b] — R™
with a(t) := (b + a — ¢) traces the same curve in the opposite
direction.

Length of a parameterized curve
Let v : [a,b] — R™ be an injective and v € C!. The length of the
curve y(¢) can be found by

b
uw:/rwmw

where |.| is the Euclidean norm.

(Line(Path) Integrals

Let v : [a,b] — R™ be a parameterized curve and X C R”
a set containing the image of 7, and let f : X — R” be a
continous function. The Line Integral (Path Integral) is
defined as

b
s)ds = -~ (t) d
Aﬂ) waM)wmt

For Notation s represents «(t) and ds represents +/(t) dt.
L

Line Integrals have following properties:




1. It is independent of orientation preserving reparameterizati-
on of the curve:

v :[a, b] » R"
o:le, dl~[a,b], o'(t) >0Vte(c d)
q:le, d — R"
J=vyo00=n(0)

¢/f @—/f

2. We have 71 : [a, b] = X CR", 72 : [¢, d] = X with v1(b) =
~2(c). We can now concatenate these 2 curves to v1 + 2

_ m(® t€lo, b]
Y1+ 72 = {72(15_54_0) te b, b+ (d—c)

[ s@ds=[ seas+ [ g6 ds
Yy1t+72 Y1 Y2

3. Let v : [a,b] — R™ be a path and —~ : [a,b] — R™ the same
path in the opposite direction (i.e. (—v)(t) = v(a + b — t)).

Then we have
fs)ds = — [ f(s)ds
J =]
3.3 Potential

A differentiable function g : X C R® = R with Vg = f, f : X — R"
is called a potential for f. This can be used as follows:

Afds=/bf(v(t))-7’(t) dt
/Vg ) -~ (t) dt

= *(90“/) dt

=(g907)(b) = (go)(a)
For a function f : R™ — R™ there is not always a potential g! And
continuity of f is not sufficient for the existence of a potential for
f. (Counterexample: f(z,y) = (2zy?,2z))
3.4 Conservative Vector fields
Conservative Vector fields

f : X — R™ continous Vector field. If for any z1,z2 € X the
line integrals f,y fds for any curve between x1,x2 are equal,
f is called conservative.

Let X be open and a path-connected subset of R™. Let f : X C
R™ — R™ be a continous vector field. The following are equivalent:

1. f is the gradient of a function g : X — R, i.e. f = Vg.
2. The line integral of f is independent of the path between any
2 points.

3. The line integral of f along any closed path is always 0. (A
closed path v : [a,b] — X fulfills y(a) = (b))
We additionally have this necessary but not sufficient condition:
ofi _ Of;

f is conservative —> =
Ox;  Ox;

Vi, j
Path-connected set
Let X C R™ be open. X is path-connected, if for every pair of

points z,y € X there exists a parameterized curve 7 : [0,1] —
X, such that v(0) = z,~v(1) = y.

Starshaped set

A subset X C R™ is starshaped if there 329 € X such that,
Vz € X the line segment joining zo to x is contained in X.

X convex = X starshaped

If X is a starshaped, open subset of R” and f € C! a vector field,
we have:

ofi  Of;
Ji = l Vi, j = f is conservative
ar]- 81‘1
For f: X C R? - R3, f € C! we also have:
0
curl(f)=( 0 = [ is conservative
0
(As above only for f: X C R3 — R3)
curl(f) is defined as
8yf3 - azf2
curl(f) := | 01 — Oz f3
Oz f2 — Oy f1

3.5 Riemann Integral in R”
Cuboid / box in R"

A cuboid or box @ C R™ is a set of the form
Q = [a1,b1] X [a2,b2] X ... X [an,bn], ak,bp ER
The volume function vol(-) assigns to each cuboid a real

number by the rule

n

vol(@) = [ ] (bx — ar) = w(Q).

For a given cuboid @ we call P = {Q1,Q2,...,Qm} a parti-
tion of Q if the Q. are cuboids such that

1LQ=J Qr

k=1
2V 1<kl <m:Int(Qr) NInt(Q;) =

Let f: @ C R® — R for some cuboid Q. Let P = {Q1,...,Qm}
be a partition of (. We define the upper resp. lower sum of f with
respect to P by

Z supzeq, f () - vol(Qr),
L(f,P) =Y _ infyeq, f(x) - vol(Qx).
k=1

Accordingly we define the upper resp. lower sum of f by
I(f) =inf{U(f,P) | P is a partition of Q}
I(f) = sup{L(f,P) | P is a partition of Q}

If the lower and upper sum of f are equal we say that f is Riemann
integrable and write

/fdx—l n=10).

3.5.1 General sets
Let X C R™ be some bounded set and let f : X — R. We can define
an indicator function by

]IX(x) _ {17 reX

flx), z€X
) ,(lef)(w){o’ :

else

Now given some cuboid Q, s.t. X C Q we define

Z%fmr:/;@Xfﬂmdx

provided the latter integral exists. .
Note that in general (1 f)(z) is not continous on Q. But if X is
Jordan-measurable(i.e. 1 (x) is integrable) and f is continous on

X, then one can prove that (1< f)(x) is integrable on Q.

3.5.2 Properties of the Integral
Let f,g: Q C R™ — R:

1. If f is continous and bounded on @, then f is integrable.
2. If f, g integrable, a, 8 € R, then af + Bg is integrable:

/Qaf+ﬂgdw:a/Qfdx+ﬂ/diﬂc

3. IV e Q: f(z) < g(z), then:

/Q f(@)de < /Q o(x) da

4. If f(z) > 0, then: fQ z)dz >0

5. Triangle inequality:

/Q f(z)dx

< /Q |F(2)|dz < (supg]f)(volQ)



[ Fubini’s Theorem

Let f: X CR®” - Rand n=n1 +na, ni,ns > 1
For z € R™ write x = (z1,22) with 1 € R™1 25 € R"2.
‘We define

le = {w2 € R™ | (1,22) € X} C R™2
X, ={z eR™ | X, #0} CR™
If g(z1) : fX f((x1,x2)) dzs is continous on X, then
/7f(a:) dx = /; g(z1)dzy = /7 (/ f((ml,zz))dx2> dx
X Kl Kl Kzl

\

More concretely for a cuboid Q = [a1,b1] X ... X [an,bn] and
f: Q — R integrable we have:

Jorae= (L (L (L s0aen) ) o)

For a general set
A:={(z,y) €ER?|a<z2<b, g(z) <y < h(x)} CR%:

h(x)
/fdrdy—/ </ xy)dy)dz
9(x)
Remark

Note that g(z1) might not be continous on X,.

Eg X =1[0,1] x [0,2]U[1,2] x [0,1] and f = 1.

J5 1dx dy exists.

0,2] z<1
0,1 1<2<2

2 z<1
y($):L ldy = -
<, 1 1<2<2

We then have X; = [0,2] and Xx = {

is not continous.

We can still solve this problem by seperating X into A = [0, 1]x [0, 2]
and B = [1,2] x [0, 1]. Note that AN B # 0, i.e. there’s a segment
we integrate twice. But this is negligible in a similar fashion to the
1D case when we split an integral.

3.5.3 Negligible Sets
1. Let 1 < m < n be an integer. A parameterized m-set in
R™ is a continuous map f : [a1,b1] X ... X [am,bm] — R"
which is in C1 on Ja1, b1[X...X]a@m, bm[.
2. A subset Y C R" is negligible if there 3k >= 1 with para-
meterized m;-sets f; : X; — R™, with 1 <7 <k and m; < n,
such that

k
v c [ f(xi)
i=1
3. (Integral on negligible sets) For X C R™ compact. X negligi-
ble. For any continous function on X we have [y f(x)dx = 0.

4. (Domain additivity) If X = A; U Aa, A1, A2 compact then
for f: X - R:

/decz::Alfdx+/42fdx—/41mA2fdx

Of course if A; N Ag is negligible we can disregard that inte-
gral.

3.6 Change of Variables

Let X,Y compact, f:Y CR™ — R be continous.
Supposewehave’y X — Y where X = XOUBY YouC (B,C
boundary of X,Y resp.).

Suppose v : X, — Yp is C! bijective and det(Jy(z)) # 0,Vz € X,.
Then we have the following:

/ Fy)dy = /7 FOy(@))|det, (z)] do
Y X

1. Polar coordinates:
~(r,0) = (rcos(f), rsin(f))
with dz dy = r dr df
2. Cylindrical coordinates:
(1,0, z) = (rcos(8), rsin(0), z)
with dedydz = rdr df dz
3. Spherical coordinates:
~¥(r,0, ) = (rsin(p) cos(9), rsin(p) sin(d), r cos(¢))
with dx dy dz = r2 sin(yp) dr df dy
Don’t forget the determinant of the Jacobi-Matrix!
3.7 Green’s theorem

Green’s theorem only concerns itself with functions from a 2-dimensional

to a 2-dimensional space.

[ Green’s theorem

Let X C R? be compact with a boundary 0X = Ul ;v
that is the union of finitely many simple closed parameterized
curves. Assume that

Yi - [ai,bi] — Rz
has the property that X lies always “to the left” of the tangent
vector 7} (t) based at ~y;(t).

Letf.UcR2 — R2 with f = (f1,f2) in C! and X C U.
Then we have

/ fx)ds—//%f%d dy
.

Note that from f in C! it follows, that curl(f) = % — % is
integrable.
For any curve v : [a, b] — R?

e simple means that there exists no s, t €]a, b[, s # t such that
v(s) = ().
e closed means: v(a) = v(b).

To calculate the surface of X with Green’s Theorem we use
a vector field f with curl(f) = 1. For instance:

f=(0,z) or f=(-y,0)

Parametrization of common planes
o General Ellipse Equation around (xo, yo):

— 20)2 UPRY
(x ;co) L+ 2yo) _1
a b

can be parameterized by

f(t) = (o + a - cos(2nt), yo + b - sin(27t)), t € [0, 27]

e Any curve given by an explicit equation

y=f(a), f

can be parameterized trivially by (z,y) = (¢, f(¢)) for some
€ [a, b].

i [a,b] = R,

4 'Topics from Analysis I

Partial Integration
f@3@ - [ 1@)g @) do

[ @3 dz =

e In general: Choose to derive Polynomials (as g(x)), for peri-
odic functions (sin, cos, €7,...) choose to integrate (as f/(z))

e It can be necessary to multiply with 1, to be able to use
partial Integration (e.g. for [log(z) dz)

e There exist combinations, where partial integration will al-
ways circle back to the original function (e.g. [ e® cos(z) dz).
In such cases treat the integral as an unknown and solve for
it (indirect computation of the integral).

Substitution

To Calculate fb f(g(z)) dz: Replace g(z) by u and integrate

g(b)
fg(a) 9 (w)

e ¢'(z) has to be elimnated otherwise useless.
e Don’t forget to change the boundaries of the integral.

e Alternatively one could compute the improper integral and
then resubstitute u by g(x).

e One can also use the tl}eorem in the other direction. In es-

sence f: flu)du = gg:1<<:)) f(g(x))g' () dw



[ Partial fraction decomposition

Let p(z),g(x) be 2 Polynomials. [ % can be computed as
follows:
1. If deg(p) > deg(q), we do a Polynomdivision. This

leads to the Integral [ a(z) + Zgg

2. Find the roots of ¢(z).

3. Per root: Create one partial fraction.

e non-repeating, real: x1 — ﬁ

e multiplicity n, real: 1 — zéil ook (z—Ale)T

e non-repeating, complex: z2 + pzx + ¢ — acéé-fi;;f!—q

e multiplicity n, complex: 22 +pz+q — % +...
4. Determine the  parameters Ajp,...,An (rsp.

Bi,...,Bp). (Multiply both sides of the equati-
on with g(z) and then solve for the coefficients. Due
to the powers of z, you will have n equations for n
unkown parameters).

L

5 Trigonometric identities
Doubled angles

e sin(2a) = 2sin(a) cos(a)

e cos(2a) = cos?(a) — sin?(a) = 1 — 2sin?(a)

e tan(2a) = 13271;(2‘20

Addition
e sin(a + ) = sin(«) cos(B) + cos(a) sin(B)
e cos(a + ) = cos(a) cos(B) — sin(a) sin(3)

e tan(a+ ) = %

Subtraction
e sin(a — ) = sin(«) cos(B) — cos(a) sin(B)
e cos(a — B) = cos(a) cos(B) + sin(a) sin(3)

_ tan(a)—tan(B)
¢ tan(e@ - 8) = Tanta) tan(d)

Multiplication
e sin(a)sin(B) = _w
e cos(a)cos(B) = w
e sin(a)cos(B) = w

Powers
e sin?(a) = 2(1 — cos(2a))
e sin®(a) = (3sin(a) — sin(3a))/4
o cos?(a) = %(1 + cos(2a))
e cos3(a) = (3cos(a) — cos(3a))/4
o tan?(a) = 15256

e sin?(a)cos?(a) = (1 — cos(4a))/8

Divers
e sin?(a) + cos?(a) =1
e cosh?(a) —sinh?(a) = 1

e sin(z) =

Taylor expansions 1D at 0:

e sin(z)

cos(z) =Y 02 (=)™ -

%(:): — % sin(2z))

%(x + % sin(2x))

6 Tables
Derivations
F(x) f'(x)
z—otl _a
“at1 ZatT
% a-z@1
ﬁm)a’“ kak® In(a)
In |z| % z%
2,3/2 ﬁ
— cos(z) cos(z)
sin(x) —sin(z)

2 sin(z) cos(x)

—2sin(z) cos(z)

1

—In| cos(z)| cos?(z)
1+ tan?(z)
cosh(x) cosh(x)
log(cosh(z)) m
In | sin(z)| - ﬁ
% - ef® c-e®
z(ln|z| — 1) %
3(In(2))? e
(0 lz[ = 1) O
Further derivations
F(x) £(x)
arcsin(z) 11712
arccos(z) \/17—1?
arctan(x) ﬁ
z® (x> 0) % (14 Inx)




Integrals

f(x) F(x)
[ f(@)f(z) da 3(f())?
S In|f(@)
= e da VT
J[(az +b)" dz ﬁ(ar +p)ntl
Jz(az +b)" dz ((zz:l;);;;rz - b(?srf)):;rl
J(azP + b)"zP~1 dz %

J(azP +b)~1zP~1 dx aipln|axp+b\

22t s - e
fﬁ dz %arctan%
[ — 30 0| 57
[Va? + a2 dz %f(a:)-‘r%hl(m-‘rf(ﬂ?))

7 Sample tasks

Some tasks and Multiple Choice from the homework and previous
exams.

Solutions are either my own, solutions published by the course (ho-
meworks, offical exam solutions) or solutions published in the VIS
comsol. Many thanks to all contributors!

7.1 Multiple Choice
Let F(z,y) = (F1, F2)(z,y) = (ﬁ,ﬁ) and let v be the
standard parametrization of the unit circle centered at the origin

and oriented counter-clockwise. Since %L;‘ = aiyl, by Green’s theo-
rem it holds that f,y F.ds=0.

(A) true

(B) false

Not all partial derivatives are continous, i.e. F ¢ C%, which is a
necessary condition for Green’s theorem.

The following sets are:

o {(z,y,2) €R3 | 22 + 92 + 22 < 2022}
bounded, closed, compact

o {(z,9,0) eR?| (w,y) € R'2}
bounded, closed, compact

e NxNCR?
bounded, closed, compact

e B = {(sin(1/t),cos(1/t)) € R? | t €]0,1/2~[}
bounded, closed, compact

We find that
{(sin(t), cos(t)) € R? | t € [2m,47]} = B

It’s easy to see that, this newly defined set is closed and boun-
ded, which therefore implies that B is closed and bounded
(and therefore compact).

o [—1,1]2 CR?
bounded, closed, compact

o {(z,y,2? —y?) € R? | (z,y) € [0,1]*}
bounded, closed, compact

If f is a vector field of class C'* on R? — {0} and for all closed curves
v :[0,1] — R2? — {0}, then f is conservative.

(A) true

(B) false

Proof by contradiction: Assume f is a non-conservative vector field

of class C’ on R — {0} and [ f-ds = 0 for all closed v : [0,1] —

~
R? — {0}. Since f is non-conservative, there exists parameterized

curve v1,72 : [0,1] — R2 — {0} from a to b, where a,b € R2, such

that:
[ﬂf~ds¢/y2f~ds

We let v/ be the closed curve formed by v1 and the inversed curve
of ~a:

’_ 7(2t) if0<t<1/2
T T e —1) if1/2<t<1

/Wlf~ds:/y1f-dsf/’y2f-ds;£0

This contradicts our assumption, f must be conservative.

We have:

The function f:R? - R f(z,y) = |zy| is differentiable at (0,0).
(A) true

(B) false

Since f(z,y) is constant, if we approach (0, 0) along the z or y-Axis,
we know that the differential at (0,0) should be J; = (0,0), if it
exists.

We now use the definition of Differentiability(section 2.5), with u =
J¢(0,0):

f(z,y) = (0,0) = (0,0) - ((=,y) = (0,0))

lim
(2,4)—(0,0) l[(z,y) — (0,0)]]
(2,1)#(0,0)
N ()
«—(0,0) |[(z,y)||
27#(0,0)
_ lzy|
= 1m py——
z—(0,0) /22 + y2

2#(0,0)

; [yl |zy| ;
Since Neexee: < 1, we have 0 < T3 < |z|. By Sandwich-

y
Theorem therefore since |z| — 0 for (z,y) — (0,0), we have

|zy]

lim ———— =0
—(0,0) /2 2
2#(070) vy
The limit lim, 4y (0,0) COS(#ﬁyI) exists and is finite.
(A) true
(B) false
2
Observe that for y = z2, we find the limit: lin}) cos (2””?) = cos (%),
—

while if y = 0, we have: lim cos (i—;) = cos(1).

z—0

Which of the following is the tangent plane of the ellipsoid
1
22 + 2y° + 122 =1,
which is parallel to the plane x +y + z = 17

Oz4+y+2=0
O :p+y+z:kfork€{:|:%

Mao+y+z=kfor ke {+V5}
Oz4+y+z=kforke {1}
‘We can descrik;e the points on the Ellipsoid, as a level set of f(x,y, z) =
2x2 + 2y + 2. Le. the points on the Ellipsoid are L = {(z,y,z) €
R | f(z,y,%) = 1}.
Since for a level set, the gradient is always the normal vector, we
can look for a point, where the gradient is parallel to the normal
vector of the plane (1,1,1).
Thus we have

Vi(w,y,2) = (42,49, 0 ) = a(1,1,1)

for a real number a. We deduce that z =y = ¢ and z = 2a.
By substituting these values into the equation for the level set, we
get ) )
a a 5 2
z,Y,2) = —+ —+a" =1 = ay =+—
fley,2) ==+ 3 + 7
— 1 1 4 _
We therefore find (z,y,2)+ = (2\/5, 35 \/5) and (z,y,2)—- =

(72—\1/5, 7ﬁ, f%. We insert these points into the equation = +

y+ z = k and find that k4 = ++/5.
7.2 Other tasks

Compute the value f(27) where f is the unique function on [, 27]
such that

zf'(z) = f(x)z?sin(z) for 7 <z < 27
and f(7) =0.
If we rewrite the equation to f’(z) — %f(x) = xsin(x), we find that
it’s a linear ODE of the form y’ + a(z)y = b(z).
Using Variation of parameters (section 1.2), we find that the solu-
tion is of the form f, = K(z)e~4(®) where A(z) = —In(z) is the
primitive of a(z) = —%.



We now have fp = K(z)e™(-1"(®) = K(2) - .

K(z)

/ z - sin(z) - e~ @) gy = / z - sin(z) - ! de = / sin(z) dz
z z z0

0 o

=—cos(z)+C, CeR
= fp = (—cos(z) + C)z

From f(m) = 0 we know that (—cos(n) + C)r =0 = C = —1.
Therefore f, = (—cos(z) — 1)z and f(27) = —4mx.

We introduce the following definition: Let £ > 0 be a real number.
A function f :]0,00[3— R is said to be homogeneous of degree k if
fltx, ty, tz) = t* f(x,y, 2) for all z,y and z strictly positive.

Let f be of class C'! on ]0, 0o[3. For a fixed (z,y, 2) €]0,00[3, k > 0,
and t > 0, define

g(t) = f(tw, ty, t2)—t* f(z,y, 2) = f(h(t)—t" f(z,y, 2), h(t) = (tz, ty, t2).

(a) Show that g is differentiable on ]0, co[ and that
9'(t) = x(0x f) (tz, ty, t2)+y(0y f) (t, ty, t2)+2(0: f) (tz, ty, t2) —
Kt f(z,y, 2)

Since h and f are differentiable, their composition is diffe-
rentiable.

For the derivation of g we use the chain rule for the left part:

g'(t) = 0f(h(t)) - Oh(t) — kt* ! f(z,y, 2)
= (Vf(h(t)))T . (117, Y, Z) - ktk_lf(x’ Y, Z)
) ) G} T
= (o 0O), 57 B@). S-FH0)) (@9:2)
- ktkilf(x,y,z)

(b) Deduce that if f is homogeneous of degree k, then we have

of , of  of _

w@:v +y8y +z6z o
Note that for f homogeneous of degree k, g = 0,9’ = 0.
Therefore

(92 ) (h(t)) +y(9y ) (h(1)) +2(0: ) (h(1)) = kt* ' f(2,y, 2)

Note that this equation is valid for all ¢ > 0, in particular for
t = 1, which gives us our desired result:
of of 0

el el R
x8$+y3y+zaz !

kf

Suppose that f satisfies

of , of  of _
waeranyrza—kf 1)

(¢) Show that g (as defined above) satisfies g(1) = 0 and is a
solution of the ODE

tg —kg=0

We have

tg' — kg =(tz)(0x f) (tz, ty, tz) + (ty) 9y f)(tz, ty, t)
+ (t2)(0= f)(tz, ty, tz)
— kt* f(x,y, 2) — kf(ta, ty, tz) + kt* f(z,y, 2)
=(t2) (92 f)(tz, ty, tz) + (ty) (9y f)(tz, 1y, t2)
+ (t2)(0: f)(tz, ty, tz) — kf(tz, ty,tz)
=kf(tz,ty, tz) — kf(tz, ty, tz) (1)
=0
For the second part we have g(1) = f(z,y,2)— f(z,y,2) = 0.
(d) Deduce that f is homogeneous of degree k.

When considering the ODE tg’ — kg, by seperation of varia-
bles(section 1.5), we can deduce that g(t) = Ct*—1.

Since we’ve already proven, that g(1) = C1F = 0, we follow
that C' = 0 and therefore g(¢t) = 0,Vt > 0.

We conclude that since g(t) = f(tx,ty,tz) — tF f(z,y,2) =
0,Vt > 0, it must hold, that

fQt, ty,t2) = t* f(2,y, 2),¥t > 0.

Let f be any differentiable function of one variable. Show that all
tangent planes of the surface

x
z=y- (=)
Yy

pass through the point (0,0,0). Let G(z,y) := y - f(%) Then the

surface z is equal to the graph of G. It holds that
T T T ., T
05G = Gy(w,y) = f/(a)yayG =Gy(z,y) = f(=) - ;f/(g)
The tangent planes in the points (zo,yo, G(z0,y0)) (with y # 0) is

z =G(z0,y0) + Gz (w0, y0)(z — o) + Gy (z0,y0)(¥ — Yo)

=0 (o) ool G) - )]

The point (0,0, 0) satisfies this equation, which means that (0, 0,0)
lies on this tangent plane. In other words, all tangent planes pass
through the origin.

Where does the tangent plane at (1,1, 1) to the surface S = {(z,y, e*~

(z,y € R?)} C R3 intersect with the z-axis?
The surface is parameterized by f(z,y) = (z,y,e*~¥). Notice that
1 0

f(1,1) = (1,1,1) and Df(z,y) = | 0 1
erTY  —e*Y

. The tangent

plane g(z,y) is given by:

9(z,y) =f(xo,y0) + Df(zo0,%0) (z _ ZE)

1 1 0 .
SORORIt
1 1 —1) \Y

T , 0
Yy =10
l1+x—y z
—x=0,y=0
—z=1
The equation z = 2y2 4 22 describes a surface S in R3, which

contains the point P = (1,1, 3). Find the coordinates of the other
point of S that lies on the normal to S at P. Let f(z,y,2) = x2 +

y> —z. Then S = {(z,y,2) € R® | f(z,y,2) = 0} is a level set.
The normal at a point (z,y, z) is given by Vf = (2z, 4y, —1).

For the point P = (1,1,3) the normal is Vf(1,1,3) = (2,4,—1).
Therefore

1 2
1| +¢t] 4
3 -1

is the equation for the normal at P.
We now insert this equation into f to find another point on this
normal contained in the level set.
f(l+2t,14+4t,3—t) =0
(1+26)2 +2(1+48)% - (3—1t) =0

3612 +21t =0 |:t,t1 =0 = P

36t+21=0 |—21,:36

21 7

t=—"=——

36 12
1
1 7 (2 3
== P=|1| - = 4 =1 —3
3/ 12\ %?

8 Sources

This cheatsheet was inspired by previous summaries from Julian
(xyquadrat) and Nicolas(Franco).

Apart from that the definitions were taken from the “Analysis 2”
script by E. Kowalski and the Lecture Notes from O. Imamoglu in
the HS2022 edition of the course.
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